It is shown that the quantum massive non-Abelian field theory established in the former papers is renormalizable. This conclusion is achieved with the aid of the Ward-Takahashi identities satisfied by the generating functionals which were derived in the preceding paper based on the BRST-symmetry of the theory. By the use of the Ward-Takahashi identity, it is proved that the divergences occurring in the perturbative calculations for the massive gauge field theory can be eliminated by introducing a finite number of counterterms in the effective action. As a result of the proof, it is found that the renormalization constants for the massive gauge field theory comply with the same SlavnovTaylor identity as that for the massless gauge field theory. The latter identity is re-derived from the Ward-Takahashi identities satisfied by the gluon proper vertices and their renormalization. To illustrate the renormalizability of the theory, the renormalization of the QCD with massive gluons is concretely performed and the one-loop effective coupling constant of the QCD is derived and given an exact expression in the renormalization.
I. INTRODUCTION
As was mentioned in our previous paper [1] , in the original attempts of setting up the massive non-Abelian gauge field theory without Higgs mechanism [2−10] , the massive Yang-Mills Lagrangian itself was considered to form a complete formulation of the massive gauge field dynamics and used to establish the quantum theory. In the theory, there are two problems which were announced to be difficult to solve: one is the gauge-non-invariance of the mass term in the action, another is the nonrenormalizability of the quantum theory. In Ref. [1] , the first problem has readily been circumvented from the viewpoint that the massive gauge field only exists in the physical space spanned by the transverse part of the vector potential. In this space, the action of the massive non-Abelian gauge fields whose masses are taken to be the same is gauge-invariant with respect to the infinitesimal gauge transformations which are only necessary to be taken into account in the physical space . If we want to represent the massive gauge field dynamics in the whole space of the vector potential, the massive gauge field must be viewed as a constrained system. The Lorentz gauge condition, acting as a constraint, must be introduced initially and imposed on the Lagrangian expressed by the full vector potential. From this point of view, it has been shown that the massive gauge field theory can well be established on the basis of gauge invariance. In the preceding paper (referred to as paper I later on), It was shown that the quantum massive gauge field theory described in Ref. [1] has a BRST-symmetry, that is to say, the effective action and the generating functional of Green functions are invariant with respect to a kind of BRST-transformations. From the BRST-symmetry of the theory, a series of Ward-Takahashi (W-T) identities [10−12] obeyed by the generating functionals were derived and used to prove the unitarity of the theory.
In this paper, we are devoted to proving the renormalizability of the quantum massive gauge field theory. The renormalizability of such a theory may be seen from the intuitive observation that the Feynman rules derived from the effective action, except for the gluon and ghost particle propagators, are the same as those given in the massless gauge field theory, and the massive propagators have the same ultraviolet behavior as the massless ones. In particular, the primitively divergent diagrams are completely the same in the both theories. This fact suggests that the power counting argument of demonstrating the renormalizability is useful not only for the massless gauge field theory, but also for the massive gauge field theory. Theoretically, to accomplish a rigorous proof of the renormalizability of the massive non-Abelian gauge field theory, it is necessary to implement a subtraction procedure to see whether the divergences occurring in perturbative calculations of Green functions and S-matrix elements can be removed by introducing a finite number of counterterms in the action . This procedure, as one knows, amounts to the well-known R-operation invented by Bogoliubov, Parasiuk, Hepp and Zimmermann [13−15] . The principal idea of proving the renormalizability of the theory under consideration is the usage of the W-T identities derived in paper I. In the Landau gauge, as mentioned before, these identities formally are identical to those for the massless gauge field theory. Therefore, the proof of the renormalizability almost is the same as for the massless theory. From the proof, it will be seen that the divergences occurring in perturbative calculations can surely be eliminated by introducing a finite
II. W-T IDENTITY AND COUNTERTERMS
From this section, we start to prove the renormalizability of the massive non-Abelian field theory in which all the fields have the same masses. The theory concerned typifies the quantum chromodynamics (QCD) with massive gluons [10] , the SU(2)-symmetric hadrodynamics 2 or some others. In the following, we will take the QCD with massive gluons as an example. Since all of vertices and even Green functions in the theory may be derived from the generating functional Γ for proper vertices which was defined in Eq. (3.11) in paper I, it is only necessary to deal with the renormalization of such a generating functional and to see whether the divergences appearing in the perturbative expansion of the functional Γ can be removed by introducing a finite number of counterterms .
Let us make use of the loop diagram expansion, which is a power series in the Planck constanth, for the proper vertex generating functional In the tree diagram approximation, as one knows, the proper vertex generating functional Γ 0 just is the generalized action which is defined by the ordinary effective action plus the BRST-external source terms as was shown in Eq. (3.4) in paper I and, according to the definition given in Eq. (2.2), it will be rewritten as which is the ordinary covariant derivative, ∆ψ, ∆ψ, ∆A a µ and ∆C a are the composite field functions which are defined from the BRST-transformations by dropping out the infinitesimal Grassmann number ξ and u aµ , v a , ζ and ζ are the corresponding BRST-sources.
It should be emphasized that according to the additional renormalization scheme which is adopted in the latter proof, all the field functions and parameters in the effective action shown in Eqs. (2.3) -(2.6) are renormalized ones and hence finite. In perturbative calculations, each loop term in Eq. (2.1) is divergent and therefore has to be regularized by an appropriate regularization scheme which must be chosen to preserve the BRST-symmetry of the theory. Suppose the n-th termΓ n in Eq. (2.1) has been separated into a finite partΓ f n and a divergent partΓ In perturbative calculations, the divergences included in Eq. (2.1) may be eliminated order by order through a recursive construction of counterterms in the action. For instance, to eliminate the one-loop divergenceΓ d 1 which is generated by using the action shown in Eq. (2.4) in the following perturbative expansion
we may choose a counterterm ∆S 0 such that
whose concrete form will be given later. It is apparent that when we use the action
to recalculate the functionalΓ of orderĥ
In general, to remove the divergent partΓ d n in the n-loop termΓ n of orderh n , we need to introduce a counterterm like this
(2.12)
Adding it to the action, we haveŜ
where theŜ n−1 has included the counterterms up to the orderh n−1 . The actionŜ n used to calculate theΓ n will lead to a finite result in the n-th order perturbation.
The counterterms mentioned above may be determined with the help of the following W-T identity satisfied by the generating functional of proper vertices which was derived in paper Î Γ * Γ + ω = 0 (2.14)
and the ghost equation 
As mentioned in paper I, in the Landau gauge, since µ = 0 and ω = 0 due to ∂ µ A a µ (x) = 0, the above W-T identity and ghost equation are identical to those for the massless gauge theory. In the loop expansion, when Eqs. (2.1) and (2.7) are substituted in Eq. (2.14), one may obtain a series of identities satisfied by the finite and divergent parts of theΓ n . Each of the identities contains terms which are of the same order of divergence. The identities of orderh n are [10−11] p+q=nΓ f
here ϕ i and u i (i = A,ψ, ψ, C) stand for the field variables A a µ ,ψ, ψ, C a and source variables u a µ , ζ,ζ, v a , respectively, and the symbol "." in each term on the right hand side (RHS) of Eq. (2.19) is an abbreviation notation of the integration as shown in Eq. (2.16). In the above, the fact that the ω is finite and of zeroth order ofh has been noticed. This fact is obvious because we start from the renormalized field functions and parameters in the additional renormalization.
Furthermore, the action constructed in Eq. (2.13) is also required to fulfill the W-T identitŷ
On substituting Eq .(2.13) into Eq. (2.20) and noticing Eq. (2.12), one may find three equations [10−12] ρ
In Eq. (2.21), the operator ρ(Ŝ n−1 ) is defined as
When we set the subscript n = 2, 3, · · · and repeatedly apply Eqs. (2.12) and (2.13), it is easy to find that the second term on the left hand side (LHS) of the last equation in Eq. (2.18) equals to zero. Thus, the last equation in Eq. (2.18) leads to [10, 11] ρ(Ŝ 0 )Γ [10, 11] 
It is emphasized here that even in the general gauges (α = 0), the W-T identity and the ghost equation satisfied by the divergent functionalΓ (2.26) provided that the actionŜ n−1 has been given in the former n − 1 steps of recursion. The general solution to the above equations was already found in the literature [10, 11] . It consists of two parts as shown in the following
where the H α in the first term are functionals of the field variables A a µ ,ψ and ψ which are invariant with respect to the gauge transformation. Therefore, they obviously satisfy Eq. (2.21) or (2.25). These functionals H α can only come from the first four terms in Eq. (2.4) and of the forms
28)
29)
and
here H m is written only for the transverse part of the vector potentials because only for this part of the vector potential, the action of mass term is gauge-invariant. The second term in Eq. (2.27) directly follows from the nilpotency property of the operator ρ, ρ 2 F n = 0, with the functional F n being arbitrary [10] , as shown in Appendix. It is noted that the term ∆Ŝ n−1 as a part of the action demands that the F n must be a functional with minus mass dimension and minus ghost number so as to make the action to be dimensionless and of zero-ghost number . This can be seen from the expression With the requirements stated above, the form of the functional F n will be uniquely determined, as given in the following
It is noted that the coefficients a n α in Eq. (2.27) and b n i in Eq. (2.34) all depend on the regularization parameter, say, the ε = 2 − n/2 (which tends to zero, when n → 4) in the dimensional regularization [21] . The operator ρ(Ŝ n−1 ) in Eq. (2.32) implies that we have chosen the counterterm ∆Ŝ n−1 to be the solution of Eq. (2.21) for convenience of later recursion.
III. EQUIVALENCE BETWEEN THE ADDITIONAL AND MULTIPLICATIVE RENORMALIZATIONS
Up to the present, the counterterm ∆Ŝ n−1 appearing in Eq. (2.13) has explicitly been constructed as given in Eqs. (2.27)-(2.31) and (2.34). The actionŜ n−1 constructed in the foregoing steps of recursion has the same functional structure as that for theŜ 0 given in Eq. (2.4 
According to the definition given in Eq. (2.24) and applying the ghost equation obeyed by the actionŜ n−1
and the variations defined in Eq. (3.1), one can derive
in which
where the coefficients Y n i , according to the definitions in Eq. (3.1), can be calculated from the expression written in Eq. (2.34). The results are
Considering that the functionals in the first term of Eq. (2.27) are gauge-invariant and of the same functional structure as those terms in theŜ n−1 which are the functionals of the fields A a µ ,ψ and ψ, we are allowed to change the field variables from ϕ i to ϕ ′ i in the functionals in the first term of Eq. (2.27) and combine these functionals with the corresponding terms in theŜ n−1 [ϕ
The results is just to redefine the variables and physical constants in the actionŜ n−1 . Thus, the action in Eq. (2.13) can be written aŝ
where Z n i andZ n i are the n-th order multiplicative renormalization constants for the field and source variables respectively. Eq. (3.6) establishes a recursive relation of the renormalization. When the order n tends to infinity, we obtain from Eq. (3.6) by recursion the following result
where
are the bare quantities appearing in the unrenormalized actionŜ 0 . The renormalization constants in Eq. (3.8) are defined by
Eq. (3.7) shows us that the renormalized action has the same functional structure as the unrenormalized one. In the derivation shown above, we start from the additional renormalization by introducing the counterterms to remove the divergences appearing in the functionalΓ and then obtain the result of multiplicative renormalization which is given by introducing the renormalization constants to absorb the divergences and redefining the field functions and physical parameters. This just shows the equivalence between the both renormalizations.
To be more specific, let us describe the one-loop renormalization of the functional Γ 1 starting from the action written in Eqs. (2.3) and (2.4). For convenience of statement, we at first discuss the renormalization in the Landau gauge in which the gluon fields are transverse. For the one-loop renormalization, as indicated in Eqs. (2.9) and (2.10), we have to introduce a counterterm whose general form was given in Eq. (2.27) with the order label n = 1. In the first term of Eq. (2.27), the gauge-invariant functionals were written in Eqs .(2.28)-(2.31). The corresponding coefficients in Eq.(2.27) will be written as a G , a F , a M and a m . In the following, the order label will be suppressed and the source terms in Eq. (2.4) will be omitted for simplicity because these terms act only in the intermediate stages of the proof. As demonstrated in Eq. (3.3), the variables of the actionŜ 0 in Eq. (2.10) which was explicitly written in Eq. (2.4) will be changed to the ones shown in Eq.(3.4) owing to the effect of the counterterm given by the second term in Eq. (2.27) with the functional F being represented in Eq. (2.34) and the variables in the counterterms of the first term in Eq. (2.27) which are explicitly written in Eqs. (2.28)-(2.31) may also be made such changes due to the gauge-invariance of the functionals. Thus, the action in Eq. (2.10) without the source terms may be written aŝ
and the subscript T marking the transverse gauge fields A aµ T has been suppressed for simplicity of representation. When we define renormalization constants by [11−12] 
and noticing the relation given in Eq.(2.3), We may write the full action as follows
It is noted here that the last equality in Eq. (3.12) gives the definition of gluon mass renormalization constant as
m Y A which is consistent with that given in the renormalization of gluon propagator as shown in Eq. (4.25) of paper I. The action in Eq. (3.13) with the renormalization constants being defined in Eq. (3.12) just gives the recursive relation shown in Eq. (3.6) with the label n = 1. This action would eliminate the divergence appearing in the generating functional Γ evaluated in the one-loop approximation.
From Eq. (3.12), it is clear to see that
This is the Slavnov-Taylor (S-T) identity satisfied by the renormalization constants which is completely the same as given in the massless QCD [16, 17] . If we define the bare quantities as [11, 12] 
and use the identity in Eq. (3.14), we arrive at
is the unrenormalized action. Eqs. (2.3), (2.4), (3.16) and (3.17) indicate that the actions, renormalized and unrenormalized, have the same structure and thus the same symmetry, just as we met in the massless gauge field theory.
We note here that although the above results are obtained in the one-loop renormalization, they can, actually, be considered to be the exact ones. In fact, for removing the two-loop divergence in theΓ, obviously, the second cycle of recursion of the renormalization can be carried out in the same way as stated in Eqs. Now, let us describe the renormalizability of the theory in the general gauges. We firstly note that the results in the Landau gauge as given before can readily be extended to the other gauges. As mentioned before, in the general gauges, we still have the equations written in Eqs. (2.21) and (2.26) for the divergent partΓ d n . Therefore, the counterterm, as the solution to the equations (2.21) and (2.26), is still expressed by Eqs. (2.27)-(2.31) and (2.34) with a note that except for the gluon mass counterterm written in Eq. (2.31) which is still given by the transverse field, the vector potential in the other counterterms now becomes the full one. It is clear that the statements in Eqs. (3.1)-(3.9) completely hold for the general gauges. The results described in Eqs. (3.10)-(3.17), as easily seen, except for a few supplements for the gluon and ghost particle mass terms, are also preserved in the present case. The gluon mass term in Eq. (2.4) is now written for the full vector potential. When the countertems in Eq. (2.27) with their explicit expressions denoted in Eqs. (2.28)-(2.31) and (2.34) are added to the action, the mass term becomes
This term should replace the corresponding term in Eq. (3.10) to appear in the action. In the above, the factor Y 2 A arises from the variable change generated by the counterterm given in the second term in Eq. (2.27) as described in Eqs .(3.3) and (3.4) and the factor Y m comes from the counterterm denoted in Eq. (2.31) which is written only for the transverse fields . When we notice the last equality in Eq. (3.12) and define
Eq. (3.18) can be written as
where the orthonormality between the transverse and longitudinal vector potentials has been considered. With the above expression, the gluon mass term in Eq. (3.13) can be understood for the full vector potential in the general gauge. Eq. (3.21) shows that the renormalization of the longitudinal part of the vector potential is different from that for the transverse part by an extra renormalization constant Z ′ 3 . This result is consistent with the renormalization of gluon propagator shown in section 4 of paper I where the longitudinal part of the propagator has an extra renormalization constant Z ′ 3 . According to the definition given in Eq. (3.15), the gluon mass term in Eq. (3.21) will come to the form expressed by the bare quantities as shown in Eq. (3.17).
Let us turn to the renormalization of the ghost particle mass term. As mentioned in section 2, the ghost particle mass term µ 2 C a in Eq. (2.15) which appears in general gauges is finite and therefore it is not included in the ghost equation (2.26) satisfied by the countertermΓ d n . That is to say, the ghost particle termC a µ 2 C a in the Lagrangian remains unchanged in the process of divergence subtraction because it is not affected by the counterterm. The counterterm only changes the kinetic energy termC a 2C a and the interaction term gf abc ∂ µCa C b A c µ as for the case in the Landau gauge. This fact coincides with the renormalization of ghost particle propagator described in section 4 of paper I where the ghost particle self-energy is written as Ω(k) = k 2Ω (k 2 ) and combined with k 2 which comes from the kinetic energy operator 2. Therefore, in the general gauge, the ghost particle kinetic energy term in Eq. (3.10) may be extended to the following form by directly adding the ghost particle mass term
where the factors Y
−1
A and Y C arise respectively from the change of the variablesC a and C a which are caused by the counterterm contained in the second term in Eq. (2.27), as described in Eqs. 
which just is the relation given by Eq. (4.30) in paper I. Clearly, in the general gauge, the ghost particle kinetic energy terms in Eqs. (3.13) and (3.17) should be replaced by the terms on the LHS and RHS of Eq. (3.23), respectively.
IV. GLUON THREE-LINE VERTEX
In the preceding section, the S-T identity shown in Eq. (3.14) for the renormalization constants was derived from the general proof of the renormalizability of the QCD with massive gluons. Originally, the same identity given in the QCD with massless gluons was derived from the W-T identities satisfied by the proper vertices and their renormalization [16, 17] . Following the similar line, we will re-derive the identity in Eq. (3.14) so as to give a check of the identity and its derivation. Since the difference between the massive QCD and the massless QCD mainly lies in the gluon field, in this section and the next section, we limit ourself to take the gluon three-line and four-line proper vertices as examples to show how to derive W-T identities satisfied by the vertices and discuss their renormalization. To derive W-T identities for the vertices, it is suitable to employ the identities written in Eqs. (2.14) and (2.15) though, we would like to start from the identities satisfied by the generating functional of Green functions in order to see, by the way, the difference between the Green functions for the massive gluons and the massless ones. Let us begin with derivation of an identity satisfied by the gluon three-point Green function from the following W-T identity
and the ghost equation
which were derived in section 4 of paper I ( Hereafter, µ denotes the unrenormalized mass of ghost particle and µ R designates the renormalized mass of the particle). By taking successive differentiations of Eq. (4.1) with respect to the sources J b ν (y) and J c λ (z) and then setting the sources to vanish, one may obtain the W-T identity obeyed by the gluon three-point Green function which is written in the operator form as
is the three-point Green function mentioned above. The identity in Eq. (4.3) will be simplified by a ghost equation which may be derived by differentiating Eq. (4.2) with respect to the source J c λ (z)
Taking derivatives of Eq. (4.3) with respect to y and z and employing Eq. (4.5), we get
In the Landau gauge or the zero-mass limit (µ = 0), Eq. (4.6) reduces to
which shows the transversity of the Green function. From Eq. (4.6), we may derive a W-T identity for the gluon three-line vertex. For this purpose, it is necessary to use the following one-particle-irreducible decompositions of the Green functions [11, 12] 
where iD
are the propagators for the gluon and the ghost particle respectively which were derived in paper I, Γ µνλ abc (x, y, z) and Γ abc λ (x, y, z) are the three-line gluon proper vertex and the three-line ghost-gluon proper vertex respectively. They are defined as [11, 12] 
hereJ stands for all the external sources. Substituting Eqs. (4.9) and (4.10) into Eq. (4.6) and transforming Eq. (4.6) into the momentum space, one can derive an identity which establishes the relation between the longitudinal part of three-line gluon vertex and the three-line ghost-gluon vertex as follows
where we have defined
are the self-energies appearing in the longitudinal part of gluon propagator and the ghost particle propagator (see Eqs. (4.11) and (4.22) in paper I).
Obviously, in the Landau gauge, Eq. (4.13) reduces to
which implies that the vertex is transverse in this case. In the lowest order approximation, owing to
and 
This result is consistent with that for the bare three-line gluon vertex given by the Feynman rule. Now, let us discuss renormalization of the three-line gluon vertex. At first, we note that the notation used here is different from the previous section. In this section, a renornalized quantity will be marked with a subscript R; a quantity without the subscript R represents the unrenormalized one. From Eq. (3.15) or the renormalization of the gluon and ghost particle propagators as described in paper I, we see
(4.20)
According to these relations and the definitions given in Eqs. (4.11), (4.12) and (4.14), we find
Applying these relations, the renormalized version of the identity written in Eq. (4.13) will be
is the renormalized expression of the function χ(k 2 ) which may be obtained by substituting the relation (see Eq.
into Eq. (4.15) and then using the definitionŝ
which were ever shown in section 4 of paper I. At the renormalization point chosen to be
In this case, the renormalized ghost-gluon vertex takes the form of the bare vertex so that the RHS of Eq. (4.22) vanishes, therefore, we have
Ordinarily, one is interested in discussing the renormalization of such three-line vertices that they are defined from the vertices defined in Eqs. (4.11) and (4.12) by extracting a coupling constant g. These vertices are denoted bỹ Λ abc µνλ (p, q, k) andΛ abc λ (p, q, k). Commonly, they are renormalized in such a fashion [11, 12] .
(4.28)
When multiplying the both sides of Eq. (4.28) with a renormalized coupling constant g R and absorbing it in the vertices, noticing
we have 1 , the both identities are identical to each other. From this observation, we deduce
This is the S-T identity which coincides with the one given in Eq. (3.14).
V. GLUON FOUR-LINE VERTEX
By the similar procedure as deriving Eqs. 
is the gluon four-point Green function. The accompanying ghost equation may be obtained by differentiating Eq. 
is the four-point gluon-ghost particle Green function. Differentiation of Eq. (5.1) with respect to the coordinates y, z and u and use of Eq. (5.3) lead to
It is noted that the four-point Green functions appearing in the above equations are unconnected. Their decompositions to connected Green functions are not difficult to be found by making use of the relation between the generating functionals Z for the full Green functions and W for the connected Green functions, Z = exp(iW ). The result is
The first terms marked by the subscript "c" in Eqs. ( 5.6) and (5.7) are connected Green functions. When inserting Eqs. (5.6) and (5.7) into Eq. (5.5) and using the W-T identity satisfied by the gluon propagator which was derived in section 4 of paper I
one may find
This is the W-T identity satisfied by the connected four-point Green functions. In the Landau gauge, we have
which shows the transversity of the Green function. The W-T identity for the four-line gluon proper vertex may be derived from Eq. (5.9) with the help of the following one-particle -irreducible decompositions of the connected Green functions which may be found by the standard procedure [11, 12] ,
where Γ abcd µνλτ (x 1 , x 2 , x 3 , x 4 ) is the four-line gluon proper vertex and Γ abcd λτ (x 1 , x 2 , x 3 , x 4 ) is the four-line ghost-gluon proper vertex. They are defined as
When substituting Eqs. (5.11) and (5.12) into Eq. (5.9) and transforming Eq. (5.9) into the momentum space, one can find the following identity satisfied by the gluon four-line proper vertex
(5.15)
The second and third terms in Eq .(5.14) can be written out from Eq. (5.15) through cyclic permutations. In the above, we have defined
In the lowest order approximation, we have checked that except for the first term in Eq. (5.15) which was encountered in the massless theory, the remaining mass-dependent terms are cancelled out with the corresponding terms contained in the second and third terms in Eq. (5.14). Therefore, the identity in Eq. (5.14) leads to a result in the lowest order approximation which is consistent with the Feynman rule. The renormalization of the four-line vertices is similar to that for the three-line vertices. From the definitions given in Eqs. (5.13), (5.16) and (4.20) , it is clearly seen that the four-line vertices should be renormalized in such a manner
On inserting these relations into Eqs. (5.14) and (5.15), one can obtain a renormalized identity similar to Eq. (4.22) , that is
We can also define the verticesΛ 
where Z 4 andZ 4 are the renormalization constants of the four-line gluon and ghost-gluon vertices respectively. Obviously, the identity in Eqs. (5.14) and (5.15) remains formally unchanged if we replace all the vertices Λ i in the identity with the ones Λ i . Substituting Eqs. (4.27) and (5.20) and the following renormalization relations for the gluon and ghost particle propagators (which were given in section 4 of paper I)
into such an identity, one may write a renormalized identity similar to Eq. (4.28), that is 
we 
which lead to
This just is the S-T identity which is consistent with that given in Eq. (3.14).
VI. EFFECTIVE COUPLING CONSTANT
To concretely demonstrate the renormalizability of the massive gauge field theory, in this section, we take oneloop renormalization of the QCD with massive gluons as an example. The renormalization is carried out by the renormalization group approach [22−24] and gives an exact one-loop effective coupling constant of the QCD. As argued in our previous paper [25−27] , when the renormalization is carried out in the mass-dependent momentum space subtraction scheme [28−31] , the solutions to the renormalization group equations (RGE) satisfied by renormalized wave functions, propagators and vertices can be uniquely determined by boundary conditions of the renormalized wave functions, propagators and vertices. In this case, an exact S-matrix element can be written in the form as given in the treediagram approximation provided that the coupling constant and particle masses in the matrix element are replaced by their effective (running) ones which are given by solving their renormalization group equations. Therefore, the task of renormalization is reduced to find the solutions of the RGEs for the renormalized coupling constant and particle masses. Suppose F R is a renormalized quantity. In the multiplicative renormalization, it is related to the unrenormalized one F in such a way
where Z F is the renormalization constant of F . The Z F and F R are all functions of the renormalization point µ = µ 0 e t where µ 0 is a fixed renormalization point corresponding the zero value of the group parameter t. Differentiating Eq. (6.1) with respect to µ and noticing that the F is independent of µ, we immediately obtain a renormalization group equation (RGE) satisfied by the function F
where γ F is the anomalous dimension defined by
Since the renormalization constant is dimensionless, the anomalous dimension can only depend on the ratio β = mR µ where m R denotes a, renormalized mass and γ F = γ F (g R , β) in which g R is the renormalized coupling constant and depends on µ. Since the renormalization point is a momentum taken to subtract the divergence, we may set µ = µ 0 λ where λ = e t which will be taken to be the same as in the scaling transformation of momentum p = p 0 λ. In the above, µ 0 and p 0 are the fixed renormalization point and momentum respectively. When we set F to be the coupling constant g and noticing µ 
The renormalization constant Z g is commonly defined by (see Eq. (3.15))
where the last equality is given by using the identity in Eq. (4.31). Here we would like to choose the expression of Z g given by the last equality in Eq. (6.6) to evaluate the anomalous dimension γ g (λ). As denoted in Eqs. (4.25) in paper I and Eq. (4.27), the renormalization constants Z 3 , Z 3 and Z 1 are determined by the gluon self-energy, the ghost article self-energy and the ghost vertex correction, respectively. At one-loop level, the gluon self-energy is depicted in Figs. (1a)-(1d) , the ghost article self-energy is shown in Fig. (2) and the ghost vertex correction is represented in Figs. (3a) and (3b). According to the Feynman rules which are the same as those for the massless QCD [10] except that the gluon propagator and the ghost particle one are now given in Eqs. (4.14) and (4.10) in paper I, the expressions of the self-energies and the vertex correction are easily written out. For the gluon one-loop self-energy denoted by −iΠ ab µν (k), one can write
where Π
(1)ab 
where l =γ λ l λ , k =γ λ k λ . In the above, f acd f bcd = 3δ ab and T r(T a T b ) = 1 2 δ ab have been considered. It should be noted that in writing Eqs. (6.8)-(6.10), we choose to work in the Feynman gauge for simplicity. This choice is based on the fact that the massive QCD, as proved in paper I, is an unitary theory, that is to say, the S-matrix elements evaluated from the massive QCD are independent of gauge parameter. Therefore, we are allowed to choose a convenient gauge in the calculation. From Eqs. (6.8)-(6.11), it is clearly seen that
By the dimensional regularization approach [21] , the divergent integrals over l in Eqs. (6.8)-(6.11) can be regularized in a n-dimensional space and easily calculated. The results are
14) 
, the functions Π 1 (k 2 ) and Π 2 (k 2 ) can be written out. The results are
It is clear that the both functions Π 1 (k 2 ) and Π 2 (k 2 ) are divergent in the four-dimensional space-time. When the divergences are subtracted in the mass-dependent momentum space subtraction scheme [28−31] , in accordance with the definition in Eq. (4.25) in paper I, we immediately obtain from the expression in Eq. (6.17) the one-loop renormalization constant Z 3 as follows
Next, we turn to the ghost particle one-loop self-energy denoted by −iΩ ab (q). From Fig. (2) , in Feynman gauge, one can write
. (6.20) By the dimensional regularization, it is easy to get
According to the definition given in Eq. (4.25) in paper I and the above expression , the one-loop renormalization constant of ghost particle propagator is of the form
(6.23)
Now, let us discuss the ghost vertex renormalization. In the one-loop approximation. the vertex defined by extracting out a coupling constant is expressed as
where the first term is the bare vertex, the second and the third terms stand for the one-loop vertex corrections shown in Figs. (3a) and (3b) respectively. In the Feynman gauge, the vertex corrections are expressed as
where f acd f ebf f df c = − 3 2 f abc has been noted. By employing the dimensional regularization to compute the above integrals, it is not difficult to get 6.27) where
The divergences in the both vertices Λ abc 1λ (p, q) and Λ abc 2λ (p, q) may be subtracted at the renormalization point p 2 = q 2 = µ 2 which implies k = p − q = 0, being consistent with the momentum conservation held at the vertices. Upon substituting Eqs. (6.27) and (6.29) in Eq. (6.24) , at the renormalization point, one can get
which is the one-loop renormalization constant of the ghost vertex. Now we are ready to calculate the anomalous dimension γ g (λ). Substituting the expressions in Eqs. (6.6), (6.19), (6.23) and (6.32) into Eq. (6.5), it is easy to find an analytical expression of the anomalous dimension γ g (λ). When we set 
in which N f denotes the number of quark flavors. We would like to note that the fixed renormalization point Λ in β and ρ i can be taken arbitrarily. For example, the Λ may be chosen to be the mass of the quark of N f -th flavor. In this case, β = m/M N f and ρ i = M i /M N f . In practice, the Λ will be treated as a scaling parameter of renormalization.
This just is the result for massless QCD which was obtained previously in the minimal subtraction scheme [18−20] . It should be noted that the expressions in Eqs. (6.34), (6.37) and (6.38) are obtained at the timelike subtraction point where the λ is a real variable. We may also take spacelike momentum subtraction. For this kind of subtraction, corresponding to µ → iµ, the variable λ in Eqs. (6.34), (6.37) and (6.38) should be replaced by iλ where λ is still a real variable. It is easy to see that the function in Eq. (6.39) is the same for the both subtractions.
The behavior of the function α R (λ) is graphically described in Figs Fig. (4) it is seen that the effective coupling constant given by the massive QCD is an analytical function with a maximum at λ = 1.346, the effective coupling constant given by the massless QCD is also an analytical function with a peak around λ = 1, but the effective coupling constant given by the minimal subtraction has a singularity at λ = 0.1746. Fig. (5) indicates that the effective coupling constant given by the massive QCD, similar to the one given by the minimal subtraction, has a Landau pole at λ = 0.1845 which implies that the coupling constant is not applicable in the region λ ≤ 0.1845. However, if the gluon mass is taken to be m ≤ 425.75M eV , we find, the Landau pole disappears and the effective coupling constant, analogous to the effective coupling constant given by the massless QCD , becomes a smooth function in the whole region of momentum as illustrated by the dotted-dashed line in Fig.  (5) which represents the effective coupling constant given by taking m = 425.75M eV .
In this paper, we limit ourself to show the derivation and result of the effective coupling constant only. The effective gluon mass and quark mass can be derived in the similiar way. All these effective quantities, as expected, are of asymptotic behaviors.
VII. CONCLUDING REMARKS
The derivation and the result stated in section 2 clearly show that the divergences appearing in the perturbative calculations for the massive non-Abelian gauge field theory can indeed be eliminated by introducing a finite number of counterterms as shown in Eqs. (2.27)-(2.31) and (2.34). Saying equivalently, as shown in section 3, these divergences may be absorbed into a finite number of renormalization constants and wave functions and thus be removed by redefining the wave functions and the physical parameters. In view of this, according to the general argument of renormalizability, we can say that the renormalizability of the QCD with massive gluons is absolutely no problem. The renormalizability of the massive QCD was illustrated in section 6 where we have derived a rigorous one-loop effective coupling constant and shown that the corresponding result obtained in the previous literature [18−20] is only an approximate one given in the large momentum limit. Thus, contrary to the prevailing concept that it is impossible to build a renormalizable massive gauge field theory without recourse to the Higgs mechanism [2−10] , we have succeeded in establishing such a theory which is renormalizable. The basic idea to achieve this success is the consideration that the massive gauge field must be viewed as a constrained system in the whole space of the full vector potential. Therefore, to construct a correct quantum theory for such a system, the unphysical degrees of freedom contained in the massive Yang-Mills Lagrangian must be eliminated by introducing appropriate constraint conditions on the gauge field and the gauge group. In doing this, the requirement of gauge-invariance must be respected in the whole process of the construction of the theory. Particularly, in the physical space defined by the Lorentz condition, only infinitesimal gauge transformations are necessary to be considered. These essential points were not realized clearly and handled correctly in the previous studies. In the earlier works of investigating the massive non-Abelian gauge field theory [2−10] , as mentioned in Introduction, authors all started with the massive Yang-Mills Lagrangian and considered that this Lagrangian itself forms a complete description of the massive gauge field dynamics. When using this Lagrangian to construct the quantum theory, they found that except for the neutral vector meson field in interaction with a conserved current, the theory is nonrenormalizable because of the presence of the mass term. However, as pointed out in Ref. [1] , when the Lorentz condition is introduced and thereby the infinitesimal gauge transformations are taken into account only, the problem of nonrenormalizability will all disappear in those works.
Another point we would like to emphasize is that for the massive gauge field theory, the ghost particle acquires a spurious mass µ in general gauges. This mass term is necessary to be introduced so as to compensate the gaugenon-invariance of the gauge boson mass term and preserve the effective action to be gauge-invariant. As we see, the occurrence of this mass term in the theory is essential to guarantee the theory to be self-consistent. Otherwise, for example, if lack of this mass term in the ghost particle propagator, the W-T identities shown in Eqs. (4.13), (5.14) and (5.15), which are derived from Eqs. (4.6) and (5.9) respectively, will have different expressions. In the lowest order approximation, these expressions can not be converted to the results which coincide with the Feynman rules. At this point, we can say, some previous works [10] are not correct because these theories did not give the Lagrangian a ghost particle mass term in the general gauges.
At present, the massless QCD has widely been recognized to be the candidate of the strong interaction theory and has been proved to be compatible with the present experiments. However, we think, the QCD with massive gluons would be more favorable to explain the strong interaction phenomenon, particularly, at the low energy domain because the massive gluon would make the force range more shorter than that caused by the massless gluon. As for the high energy and large momentum transfer phenomena, as seen from the massive gluon propagator, the gluon mass gives little influence on the theoretical result in this case so that the massive QCD could not conflict with the well-established results gained from the massless QCD in the high energy region.
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VIII. APPENDIX: VERIFICATION OF THE SOLUTION TO THE W-T IDENTITY SATISFIED BY THE COUNTERTERMS
In this appendix, it is shown that the solution given in Eq. (2.27) indeed satisfies the W-T identity written in Eq. (2.25) (or in Eq. (2.21)). Since the H α in the first term of Eq. (2.27) are the gauge-invariant functional of the field functions A a µ ,ψ and ψ, according to the definition in Eq. (2.19) , it is seen that [10] where the fact that the H α are independent of the source variables and gauge-invariant, δH α = 0, has been noted. For the second term in Eq. (2.27), it is only needed to prove that the operator ρ(Ŝ 0 ) is nilpotent [10] . Let us calculate 
In the above, we assume that the field variables are commuting and the source variables are anticommuting for convenience of statement. With this assumption, It is easy to see that the third and fourth terms are cancelled with each other and the fifth and sixth terms themselves are identical to zero because The one-loop effective coupling constants α R (λ) given by the spacelike momentum space subtraction. The solid and dashed lines represent the coupling constants given by the massive QCD and the massless QCD, respectively. The dotted line denotes the coupling constant given in the minimal subtraction scheme. The dasheddotted line represents the one-loop effective coupling constants α R (λ) given by the spacelike momentum subtraction for which the gluon mass is taken to be a smaller value.
